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Abstract 
Schindler, C., Constructible hypergraphs, Discrete Mathematics 91 (1991) 183-191. 
The class A of finite manuals (i.e. hypergraphs formed by the cliques of finite graphs) is closed 
under the formation of sums and products. We define the class of constructible hypergraphs to 
be the smallest subclass of A which contains all finite classical manuals (i.e. hypergraphs having 
a single edge) and is closed under the formation of sums and products. Constructible 
hypergraphs have two interesting properties: (1) they do not contain hooks and (2) all their 
minimal transversals are supports of dispersion-free stochastic functions. Property (1) is known 
to characterize the constructible members of A. In this paper we show that the same holds true 
for property (2). 
1. Introduction 
A hypergraph .vI is called a manual if it is a coherent antichain. (A finite 
manual is a hypergraph formed by the cliques of a finite graph). Manuals may 
serve to describe quantum physical systems [2]. The stochastic nature of such a 
system is expressed by a stochastic function w on the associated manual ~4. In this 
paper we deal with dispersion-free stochastic functions the range of which is the 
set (0, l}. The support of such a function is a minimal transversal of ~4 meeting 
every edge in exactly one vertex. 
A manual ~4 is said to be classical if it has exactly one edge. Let JU be the class 
of finite manuals. We define the class of constructible manuals to be the smallest 
subclass of JU that contains all finite classical manuals and is closed under the 
formation of sums and products. Constructible manuals have two interesting 
properties: (1) they are hook-deficient, (2) each of their minimal transversals is 
the support of a dispersion-free stochastic function. 
The main result of this paper states that property (2) characterizes the 
constructible members of JU. That the same holds true for property (1) was 
already known [3, lo]. Both conditions have been discussed in other contexts. 
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The first property has been shown to characterize hereditary Dacey manuals [3]. 
The second one, however, has a measure-theoretic relevance since every logic of 
a finite manual with this property admits a generalized Lebesgue decomposition 
theorem [7-91. 
2. Preliminaries 
Let 8 be a non-empty set and let 0 be a covering of g (i.e. a collection of 
subsets of 8 with x = lJ 0) such that 0 $0. Then the pair & : = (g, 6’) is called a 
hypergruph [l]. The elements of 8, resp. 0, are called vertices, resp. edges, of .#. 
A pair (x, y) of vertices of Sp is said to be orthogonal, denoted by x I y, if x and y 
are distinct and x, y E E holds for some edge E of &. Clearly, I defines a 
symmetric and irreflexive relation on g. A subset A of x is called a I -set of .&! if 
every pair of distinct elements of A is orthogonal. The hypergraph & is said to be 
finite if X is a finite set. 
The hypergraph d is said to be an antichain if, for all E, F E 0, E c F implies 
that E = F. It is said to be coherent if every finite _L -set is contained in an edge. 
If .& is a coherent antichain then it is called a manual [2]. 
A subset T of x is called a transversal of .J& if T fl E # 0 holds for all E E 0. 
The collection of all transversals of & is denoted by Tr(&Z). A transversal T is 
said to be minimal if for all S E Tr(&), S c T implies that S = T. By Tr,i,(.@ we 
denote the collection of all minimal transversals of s$. If ti is finite then every 
transversal of .& covers a minimal one. The following lemma is a well-known 
result in hypergraph theory. 
Lemma 2.1. Zf 54 = (X, 0) is a finite antichain then so is the pair &?# := 
(X, Tr,i,(d)). 
A mapping o :x+ [0, l] is called a stochastic function on d provided that 
I= sup{C,,c w(x) 1 C E Ef} holds for all E E 0’. The collection of stochastic 
functions on ti is denoted by Q(d). Notice that G?(d) may be empty [4]. The 
support of a stochastic function w is the set supp w := {x E 8 1 w(x) > O}. Clearly, 
for each w E Q(a), supp w is a transversal of &. Let S(d) denote the set 
{supp o ) o E 12(d)}. The hypergraph & is said to have property (S) if Tr,i,(&) 
is a subset of S(d). An element o of Q(4) is said to be dispersion-free if 
W(K) = (0, 1) [5]. The collection of dispersion-free elements of Q(d) is denoted 
by Q&,@. It is easy to see that for a subset A of k to be the support of an 
element o of &2&d) it is necessary and sufficient that #(E n A) = 1 hold for all 
E E 6’. Thus, for every w E &r(d), supp w belongs to Tr,i,(&). 
Lemma 2.2. Zf & = ($, 6’) is a hypergraph with property (S) then the two sets 
Tr,i,(&) and {supp o ( w E Q&d)} coincide. 
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The proof of this lemma is straightforward. 
For each x E x let OX denote the set {E E 0 ( x E E}. Since the elements of 0 
are non-empty sets and 0 covers x the sets OX,, x E x, are non-empty and 
{ 6” 1 x E $C} is a covering of 0’. Hence the pair &* : = (0, { ~77~ 1 x E x}) is a 
hypergraph; it is called the dual hypergraph of d [2, 51. 
Let w, x, y and z be elements of 8 satisfying w I x I y -L z and w Y y, w ,J! z, 
x ,J! z. Then the quadruple (w, x, y, z) is called a hook of &. Notice that the 
vertices of a hook must be distinct. The hypergraph d is said to be hook-deficient 
if it does not contain any hook [3]. 
Two hypergraphs &r = (x1, 0;) and ~4~ =(x2, 4) are said to be isomorphic if 
there exists a bijective mapping @:x1 + & such that for all subsets A of x1, 
@(A) is an edge of ~4~ if and only if A is an edge of &r. Clearly, such a mapping 
preserves orthogonality in both directions. 
3. Sums and products of hypergraphs 
Let .& = (x1, Or) and & = (x2, 4) be hypergraphs with 8, rl x2 = 0. The 
sum and the product of d, and & are defined to be the hypergraphs 
d1+d2:=(~1U~E2, OIUO;) and 
~4, X sdz:= (Jf, ‘Jn,, {El U E2 1 Ei E 4, i = 1, 2}), 
respectively. It is easy to see that every element (xi, x2) of x1 x x2 satisfies 
x1 $x2 in ~4~ + & and x1 Ix2 in d, x &. A hypergraph & is said to be reducible 
if it is isomorphic to the sum or the product of two hypergraphs; otherwise it is 
said to be irreducible. 
Lemma 3.1. Let &I = (x1, 0;) and SZ& = (x2, $) be hypergruphs with x1 f~ X2 = 
0. Then: 
(i) &i + & resp. .PI~ x d2, is an antichain if and only if .YZ~ and ~4~ are 
antichains. 
(ii) zZ1 + .&, resp. &I X 4, is coherent if and only if ~4~ and .& are coherent. 
(iii) til + 5&, resp. ~4~ x L&, is a manual if and only if .czI, and S& are 
manuals. 
Proof. (i) is straightforward. To prove (ii) for the sum observe that a subset A of 
x1 U x2 is a I -set of dr + & if and only if it is a I -set of dr or &. To prove 
(ii) for the product assume that d, and .& are coherent and let A be an arbitrary 
finite _L -set of til x .G&. Then the sets Ai :=A fl xj., i = 1, 2, are finite I -sets of 
di and .&, respectively. Thus, for each i E (1, 2) there exists an edge Ei of .G& 
containing Ai. The set A is then contained in El U E2 which is an edge of 
~4~ x .d2. This proves (c). To prove (3) observe that every I -set of &i or .& 
is a I -set of &r x .&. Finally, (iii) follows from (i) and (ii). •i 
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Lemma 3.2. Let &, = (x1, QJ and &, = (x2, 4) be finite antichains with 
8, II & = 0. Then: 
Proof. To prove (i) observe that for a subset A of x1 U & to be a transversal of 
SB, + .& it is necessary and sufficient that the sets A fl xl and A f~ x2 be 
transversals of d, and &, respectively. (ii) Every transversal of &!I or .G& is also 
a transversal of Se, x d2. Conversely, if A is a transversal of &r X d2 then either 
A n x1 is a transversal of &, or A rl x2 is a transversal of .&,. q 
Lemma 3.3. Let & = (X1, 8;) and ti2 = (x2, 0;) be finite antichains with 
8, n x2 = 0. Then &I + s&, resp. dl x .&, has property (S) if and only if .JJ, 
and .s& have property (S). 
Proof. First recall Lemma 2.2. To prove the assertion for the sum apply Lemma 
3.2 and observe that a stochastic function w on &I + .v& belongs to G&(&i + .&) 
if and only if the restrictions o 1 zl and o ) & belong to Q&4,) and Q,,(.&), 
respectively. To prove the assertion for the product apply again Lemma 3.2 and 
observe that every element w of Q&d1 X &) satisfies supp w ~8~ or supp w c_ 
j?,. q 
Lemma 3.4. Let til = (x1, 01) and .& = (x2, $) be hypergraphs with 8, n x2 = 
0. Then &, + & resp. ,pP, X .&, is hook-deficient if and only if &I and &, are 
hook-deficient. 
Proof. First observe that two elements X, y of gj are orthogonal in & if and only 
if they are orthogonal in .s4i + &., resp. &, x s&., i = 1, 2. Thus, if Se, or Se, is 
not hook-deficient then &, + .& and til x d2 are not hook-deficient either. 
Conversely, assume that di + &., resp. d1 x d,, is not hook-deficient. Then 
there exist distinct elements w, x, y, z in 8 such that w I x I y I z and w j! y, 
w J! 2, x J! z. Since every sequence ul, u2, . . _ , u, of elements of X1 U 8, 
satisfying ui I ui+i, resp. ui ,k! u~+~, i = 1, . . . , n - 1, must be entirely contained 
in $Z, or x2 the quadruple (w, x, y, z) is a hook of ti, or &. 0 
A hypergraph ti = (8, 0) is said to be classical if 0 consists of the single 
element 8 [4]. It is called trivial if g is a singleton. Clearly, every classical 
hypergraph is a manual. Moreover, the product of two classical hypergraphs is 
again classical. Observe that every finite classical hypergraph with n vertices is the 
product of n trivial hypergraphs. 
A class % of finite hypergraphs is said to have property (C) if every hypergraph 
& in % is either classical or isomorphic to the sum or the product of two 
hypergraphs &I and ,pPz in %‘. A finite hypergraph .& is said to be constructible if it 
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belongs to any such class Ce (cf. [6]). It is easy to see that the class of constructible 
hypergraphs has itself property (C). 
Theorem 3.5. Every constructible hypergraph is a hook-deficient manual and has 
property (0 
Proof. Since every trivial hypergraph has property (S) and is hook-deficient the 
same follows for every finite classical hypergraph, by Lemma 3.3 and Lemma 3.4. 
Thus, the assertion of the theorem holds true for classical constructible 
hypergraphs. Now, assume that the assertion holds true for every constructible 
hypergraph with at most n vertices, where n is some natural number, and let 
d = (8, 0’) be a constructible hypergraph with n + 1 vertices. If d is classical 
then we are done. Else ti is isomorphic to the sum or the product of two 
constructible hypergraphs & = (& Q), i = 1, 2. Clearly, we have #xi G n, 
i = 1,2. Hence til and A& are hook-deficient manuals and have property (S). By 
Lemma 3.1, Lemma 3.3 and Lemma 3.4, the same then also holds true for ZB. 
Thus, the assertion of the theorem follows by induction. Cl 
4. Main results 
In this section we show that for finite manuals the three properties ‘construc- 
tibility’, ‘hook-deficiency’ and (S) are equivalent. Since the implications 
‘constructible’ + ‘hook-deficient’ and ‘constructible’ + (S) have already been 
proved it will suffice to show that both, the class of finite hook-deficient manuals 
and the class of finite manuals with property (S), have property (C). 
Theorem 4.1. Let d be a jinife manual which has property (S). Then a is either 
reducible or trivial. 
Proof. For the proof of this theorem we apply Theorem 5.1 of the appendix 
putting r: = 0 and 9 : = { 6” ( x E x}. We thus take (9, 9) to be the dual 
hypergraph of A If #f = 1 then a is classical and thus either trivial or 
reducible. So, assume that ##y > 1. We have to show that (g, 9) then satisfies 
the conditions of Theorem 5.1: 
(i) Let E and F be distinct elements of j? Since & is an antichain there exist 
vertices x, y of & such that x E E\F and y E F/E. We then have E E Q\S, and 
FE OY\C$. 
(ii) Clearly, a subset A of x is a transversal of .z! if and only if the set 
{ 0: ( x E A} is a covering of 9. Now, let T be any subset of x such that 
(0” ( x E T} is a minimal covering of 0 and let T’ be an element of Tr&.@ with 
T’ E T. Since the set (6” 1 x E T’} is also a covering of 0 it must coincide with 
(0” ) x E T}. Property (S) implies that #(T’ rl E) = 1 holds for all E E 0. Thus, 
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for distinct elements x and y of T’ the sets 0X and 4 are disjoint. This proves that 
(0” ( x E T} is a partition of 0. 
Now, by Theorem 5.1, the following two cases are possible: 
(a) There exists a non-empty proper subset 9’ of $3’ such that 0; fl 13~ is 
non-empty whenever Ox is an element of 9’ and CIY is an element of SP’\CP”. 
(b) There exists a non-empty proper subset 6” of 0 such that for all x E $! either 
0’ E 6’ or 0” c 626’ holds. 
Assume (a) and put $Z ,:={xE~~(~E~‘},~~:={xE~I~:~~‘}. Let(x,y) 
be any element of x1 X x2. Since 0; tl 4 is non-empty there exists an edge of .& 
containing both x and y. Hence x and y are orthogonal. By the coherence of ti it 
then follows that for every E E 6’ the sets E rl x1 and E II $-, are non-empty and 
that for all E, FE 0 the set (E fl x1) U (F f3gJ belongs to 0’. Thus, the pairs 
&:=(& {Enj?, 1 EEB}), i = 1, 2, are hypergraphs and d is their product. 
Assume (b) and put 8i:={x~~]6”c6”}, ~2:={~~~~0’c6Y0”}. Then, 
x yy holds for each element (x, y) of x1 X x2. Consequently, the pairs 
~i:=(~i,{EE~)Ec~~}), i=1,2, are hypergraphs and & is their sum. 0 
Theorem 4.2. Let & be a finite manual. Then the following conditions are 
equivalent : 
(i) _I& is constructible. 
(ii) s& has property (S). 
Proof. For the implication (i) + (ii) see Theorem 3.5. 
(ii) + (i). Let V denote the class of finite manuals with property (S). It suffices 
to show that % has property (C). Let ti be an arbitrary member of %. By the 
preceding theorem, z$ is either trivial or reducible. If d is trivial then J& is 
classical and we are done. If Se is reducible, however, then it is the sum or the 
product of two hypergraphs til and .& It then follows from Lemma 3.1 and 
Lemma 3.3 that di and .& are also members of Ce. Cl 
Theorem 4.3. Let & be a finite hook-deficient manual. Then d is trivial or 
reducible. 
The proof of this theorem is implicitly contained in [lo]. 
Theorem 4.4. Let & be a finite manual. Then the following conditions are 
equivalent: 
(i) d is constructible. 
(ii) d is hook-deficient. 
Proof. Apart from applying Lemma 3.4 instead of Lemma 3.3 we may proceed as 
in the proof of Theorem 4.2. 0 
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5. Appendix 
5.1 Theorem. Let (p, 9) be a nontrivial finite hypergraph satisfying the following 
conditions : 
(i) Zf Q is a minimal subset of 9 covering r, then Q is a partition of y. 
(ii) For every pair (x, y) of distinct elements of f there is a pair (A, B) of 
elements of 9’ such that x E A\B and y E BM. 
Then one of the following two assertions holds true: 
(a) There is a non-empty proper subset 9” of 9 such that for all A E 9” and 
B E 9VP” the intersection A n B is non-empty. 
(b) There is a non-empty proper subset r’ of r such that every element A of 9’ 
satisfies A G r’ or A s r\r’. 
Proof. Let % denote the collection of those partitions Q of y which are subsets of 
8. For every element Q of 8 let B(Q):= {U Q’ 1 Q’ G Q}. Clearly, B(Q) is an 
algebra of subsets of J? Moreover, for any pair (QI, Q2) of elements of ‘8 the 
intersection B(QI) n B(QJ is an algebra of subsets of r. Let x(Qr, Qz) denote 
the set of atoms of B(QJ fl B(QJ. 
(1) For every element A of 9 there is an element Q of 8 such that A E Q: Let 
x be any element of A. Then, by (ii), for every element y of F\(x) there is an 
element B, of 9 such that y E B, and x $ By. Hence, the set {A} U {BY ) y E p\ 
{x}} is a covering of E by sets of 9. Let Q be a minimal subcovering of it. By (i), 
Q is a partition of y. To see that A belongs to Q observe that none of the sets B,,, 
y E y\(x), covers x. 
(2) Let Q, and Q2 be elements of %Z and suppose that (A,, Aa, C) is an 
element of Ql x Q2x~<Ql, Q2) such that AI, A2 E C. Then AI fl A2 # 0: There 
are elements BII, . . . , B1, of QI and B21, . . . , Bzn of Q2 such that C = 
Ui=l,,__, m Bli = Ui=l,_,_, n Bzi. We may assume that Al = B11 and A2 = Bal. Assume 
that AI n A2 = 0. Then we have m, n 32 and A2 must be a subset of 
Ui=2 ,__, m Bli. Hence the set {Bn, . . . , B,,) U {&, . . . , hn} U <Q,\ 
{&I,. . .I W) is a covering of y. By (i), this covering contains a subset Q3 
which is an element of 8. Since A, is disjoint from Ui=Z,...,n Bzi UU(Q,\ 
{B,,, . . . , B2,,}) the intersection Q3 fl {BIz, . . . , B,,} is non-empty. We may 
assume that Q3 rl {B,,, . . . , B,,} = {B,,, . . . , B,,} for some 1 E (2, . . . , m}. 
Since {B,,, . . . , B,r} does not cover F the intersection Q3 fl Q2 is non-empty. On 
the other hand, the set {B12, . . . , BII} rl Q2 must be empty since any of its 
elements would be a proper subset of C belonging to B(QI) fl B(Q2). Thus, we 
have {B12, . . . , &I =Qs\Q2 implying that Ui=z ,__,, [ BIi = Y\U (Q3 rl Q2). So, 
Ui=*,...,[ Bli is an element of B(Q,) n B(Q*). S ince IJi=z,..,,, Bli is a proper subset 
of C this is a contradiction. Thus, AI fl A, must be non-empty. 
(3) Let Qr, Q2 and Q3 be elements of 9 such that x(QI, Q2) = {r} and 
n(Q,, Q3)# {t}. Then n(QI, Q3) = {r}: Assume, to the contrary, that 
n(QI, Q3)f {y}. Let C and D be elements of .~G(Q~, Q3) and n(Q,, Q3), 
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respectively. Then the sets {C, p\C} and {D, r\D} are disjoint (otherwise C 
or Y\C would belong to B(Q,) rl B(Q2) fl B(Q3) = (0, p}, in contradiction to 
4Qa Qd f {I?). C onsequently, there is an element (E, F) in {C, F\C} x 
{D, y\D} such that E, F f E U F # I;. Since E and Fare elements of B(Q3) there 
is a non-empty subset Q; of Q3 such that E\(E U F) = LJ Q;. Moreover, there are 
non-empty subsets Qi and Q; of Q1 and Q2 respectively, such that E = IJ Q; and 
F = U Qi. Hence Qi U Q; U Q; is a covering of E and there exists an element Q4 
of 8 with Q4 E Q; U Q; U Q;. Since we have p # E U F $ {E, F}, it follows that 
the sets E\F, F\E and r\(E U F) are non-empty. Consequently, for every 
i E { 1, 2, 3) the intersection Q4 r) Qz! is non-empty. Let Al and A2 be elements of 
Q4 fl Q; and Q4 fl Qi, respectively. Since Q4 is a partition we have A, = A, or 
Al rl A2 = 0. From n(Q1, QJ = {p} and (2) it follows that Al n A2 # 0. Hence we 
have Al = A, = F implying that B(QJ equals (0, y}. But then we obtain that 
n(Qz, Q3) = {p}, a contradiction. Thus, we must have n(Q1, Q3) = {r}. 
Now, we define %:= {C E p 1 3Q1, Q2 E 8 such that C E n(Qi, Q*)}. Let C, 
be a maximal element in (%, E). We must distinguish the two cases (a) CO = p 
and (b) CO f p. 
(a) In this case there are elements Q and Q’ of 8 such that JC(&, Q’) = {r}. 
Put LP’:={AELP\Q’IA~~B#O for all BEQ’}. Notice that Q’~9\9’. Let A 
be any element of Q. Then, by (2), A n B # 0 holds for all B E Q’. Hence A 
belongs to 9’ or to Q’. Assume that A E Q’. Then A is an element of 
dQ> Q’> = {Y> an d we have Q = Q’ = {y}. Thus, 9” equals 9\{y}. To see that 
the set Y\(y) . 1s non-empty, observe that & is nontrivial and satisfies (ii). In any 
case we thus obtain that 9” is non-empty. Now, let A and B be elements of 6Y” 
and $Y\.Y”‘, respectively. If B is an element of Q’ then A fl B # 0 holds by 
definition. So, suppose that B does not belong to Q’. Then, by (l), there are 
elements Q, and Q, of 8 such that A E Q, and B E Q2. Assume that .~G(Q*, Q’) = 
{f}. Then, by (2) B fl C # 0 holds for all C E Q’. Since B does not belong to 9’ 
we obtain that B is an element of Q’, a contradiction. Thus, we must have 
x(Q,, Q’) # {r}. Assume that the set B(QJ fl B(Q’) contains an element C 
different from 0 and r. Then, A s C or A E r\C holds. Without loss of generality 
we may assume that A c C. Since r\C is non-empty there is an element D of Q’ 
such that D G r\C. Hence A n D is empty and we obtain that A E B\8’, a 
contradiction. Thus, we have n(Qi, Q’) = {y} and n(Q2, Q’) # {r}. From (3) 
and (2) it then follows that A fl B # 0. 
(b) Let Q, and Q2 be elements of 8 such that CO E JC(Q,, Q,) and let A be an 
arbitrary element of 9. By (l), there is an element Q3 of ‘67 such that A E Q3. Let 
D be the unique element in JC(Q,, Q3) containing A. Assume that A fl Co and 
A n @\C,) are non-empty. Then the sets D fl Co and D fl (y\C,) are not empty 
either. Since CO and D both belong to B(Ql) the sets Co\D, D\C, and 
p\(C, U D) are also elements of B(Ql). Hence there are subsets Q;, Q; and 
Qi of Q1, QZ and QS respectively, such that D = LJ Q;, Co = IJ Q; and 
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r\(C, U D) = lJ Q;. Obviously, A belongs to Q; and Q; U Q; U Q; is a covering 
of y. In fact, Qi U Q; U Q; is a partition of r: 
Clearly, every subcovering of Q; U Q; U Q; must contain Qi as a subset. Since 
C,, is maximal in (%‘, E) and D is not a subset of Co it follows that CO\D is 
non-empty and thus contains an element B of Q, as a subset. Let B’ be an 
arbitrary element of Q;. Then, by (2), the set B II B’ is non-empty (B and B’ are 
both subsets of C,). Let x be any element of B n B’. Since x does not belong to 
iJ Q; U IJ Q; and the elements of Q; are pairwise disjoint, B’ must belong to 
every subcovering of Q; U Qi U Q;. Thus, every subcovering of Q; U Q; U Q; 
must contain Q; as a subset. To see that the same holds true for Q; replace CO\D 
by D\C, and exchange the roles of Q; and Q;. It then follows by (i) that 
Q; U Q; U Q; is a partition. 
Since A is an element of Q; and C,, equals lJ Q; we obtain that A fl Co = 0 or 
A rl C,, = A, a contradiction. Hence every element A of 9 must be a subset of Co 
or r\C,. 0 
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